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ABSTRACT 
Let p be a prime, p~ = ef + 1 and suppose that x is a generator of  GF(p~). Then the 
cyclotomic number  (i, j )  is defined to be the number  of ordered pairs s, t such that 
x ~s+~ + x ~ = x ~t+s for 0 ~< s, t _< f -  1. 
We show that, for e = 3, 4, and 6, the cyclotomic numbers  are well determined by a 
unique representation o fp  ~ in terms of a particular binary quadratic form s ~ + Dt ~, 
and, for e = 8, by two such forms. This will imply that the cyclotomic numbers  for 
GD(I~ q~) in the corresponding cases are well determined, since these numbers  are 
functions of  the above representations of p~ and q~. 
INTRODUCTION 
The theory of cyclotomy is well known in Zp (see [4], for example), 
and in [9] a corresponding theory has been developed for Zpq. These 
theories were extended in [7] (see also [5] and [6]) to GF(p ~) (GD(p~q~)) 
in connection with the construction of finite difference sets. It was found 
that, in the cases considered, the cyclotomic onstants depend upon one 
or more representation fp~(p~qa) by binary quadratic forms of the type 
s2+ Dt ~ which, for a = 1 (a =/3  = 1), i.e., in Zp(Z~q), is unique. 
We shall establish the above uniquness for general a (a and/3) by gen- 
eralizing a procedure in [7]. Results in this direction are obtained in [5], 
but the following approach seems to us more natural. 
Throughout his paper we ascribe results in GF(p ~) (GD(p~q~))to 
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authors who first proved these results in Z~(Zpq); the extensions to the 
more general setting are carried out in [7], and are entirely straight- 
forward. 
NOTATION AND PRELIMINARIES 
Letp  be a prime, p"=ef+ 1, and let x be a fixed generator of 
G = GF(p"). Then the "cyclotomic classes" Ci in G are defined by 
C~= {x~+i; s=-O,  1 ..... f - -  1} for i=O,  1 , . . . ,e - -  1 
and the "cyclotomic numbers"  (i, j)  for 0 < i, j < e -- 1 are defined to 
be the number of solutions of the equation 
Z i+ I=Z 3- w i th  Z I r  Z 3aCr  
where "1" is the multiplicative unit in G. Let y = exp[2:7ri/e] and define 
e--1 e - i  
Jr(m, n) = E ~'~ Y, Y-(m+n)t'(k, h) (1) 
k=0 h=0 
so that, if e divides none of m, n, or m + n, we have from [4, p. 396], 
Je(m, n)Je(-- m, -- n) -= pa. (2) 
Further, using (1), it can be shown that the cyclotomic numbers corre- 
sponding to e ----- 3, 4, 6, and 8 are functions of  Jr(m, n) and hence, by (2), 
of  a representation of p~.l 
Finally, for a ~ G, define 
cp,(a) = E Z(Y) Z(Y ~ + a) 
yEG 
where Z is the quadratic character on G. 
TH~ CASE e=3 
I fp  ~ 5 (mod 6), then a must be even and Js(1, 1) ---- 4-p '~/2, where 
the sign "4 - "  is chosen just so • pa/2 ~ 1 (mod 3). For p --~ 1 (mod 6) 
1 The cyclotomic numbers for e = 2 are trivially well determined. 
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we have from [3], 
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s = Re[Ja(1, 1)] = 1 + %(4) 
so that, from [8], 
1 + %(4)  __ 22(v~_1)/3 [ (p  - -  1) /2 )  a (modp) ,  
2 \ (p 1)/6] 
whence g.c.d. (s, p) = 1, and we are led to the unique proper represen- 
tation 
4p ~=s 2+27t  2 with s~ 1 (mod3) .  (3) 
Hence, in all cases the cyclotomic numbers for e = 3 are determined by 
a unique representation of p~. 
THE CASE e = 4 
I fp  = 3 (rood 4), then c~ is even and J4(1, 1) = •  ~ 1 (mod 4). 
For p ~ 1 (mod 4), 
- -  s = Re[ J4 (1 ,  1)] = %(1)/4 
where 
q04(1) _ ( (P - -  1)/2~ ~ 
(modp) ,  
4 \ (p 1)/4] 
whence, again g.c.d. (s, p) = 1, and we are led to the unique proper re- 
presentation 
p"=s  2+4t  2 with s~ 1 (mod4) .  (4) 
THE CASE e ~ 6 
Here the cyclotomic numbers have been shown in [4] to depend solely 
upon the representation 
p~=a 2+3b ~ with a~2(mod3)  
where Re[J6(1, 2)] = - -a .  Further, if 
2 J6(2, 2) = 2 Jz(1, 1) = s q- 3 i (3)1/2t, 
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then, since this latter representation is uniquely determined, the relations 
derived in [4, p. 409], 
(i) if x 3=2~G,  then 2a=- -s ,  2b= 3t; 
(ii) i f x  2 - -2  or x 5=2,  then 4a=sq-9t ,  4b=s- -3 t ;  
(iii) i f x  =2 or x 4~2,  then 4a=s- -9 t ,  4b=- -S - -3 t ;  
uniquely determine the cyclotomic numbers for e ~ 6 in terms of the 
representation (3). 
THE CASE e ~ 8 
The cyclotomic numbers depend upon 
J s (2 ,2 )=J4(1 ,1 )=- -s+2 i t  with s~ l (mod4)  
and 
9 ]8(1, 3) = -- a -j- i(2)1/2b with a ~ 1 (mod 4), 
the former having already been shown to be uniquely determined 
(cf. Eq. (4)). For the latter, if p ~- 5, 7 (mod 8), then a must be even and 
a = -4- p~/2. I f  p ~ 1 (mod 8) we find, following [8], 
2a -  q~a(1) ~ ( (p - -1 ) /2~ a (mod p), 
2 ~(p-  1)/8/ 
while, if p ~ 3 (mod 8), 
- -  1 ) /2 )  ~ (modp),  
whence g.c.d. (a, p) = 1. Hence, in all cases, the cyclotomic numbers for 
e = 8 are uniquely determined. 
CYCLOTOMY IN GD (p~ q~) 
Now let p and q be odd primes and suppose x and y generate GF(p ~) 
and GF(qa), respectively. Then if Z = (x, y) and X = (x, 1) in G = 
GD(paq~), the "cyclotomic lasses" Ci in G are defined by 
C~= {ZsXi; s=0,1  .... ,d - -  1} for i=0 ,1  ..... e - -  I, 
where d and e are the least common multiple and greatest common 
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divisor of  p~ --  1 and qa-  1, respectively. The "cyclotomic numbers"  
(i, j )  for 0 ~ i, j _< e - -  1 are, as before, the number of  solutions of the 
equation 
Z i+ 1 ~Z~ with Z~Ci ,  Z~C~ 
where 1 = (1, 1) ~ G. I f  we define ~, = exp[2zei/e] and 
e--1 e--1 
Je(m, n) = ~_~ ynk ~] ~-(m+n)i~(k ' h), (5) 
k=0 h=0 
then we find from [2] that, if  e divides none of m, n, or m %- n, 
J~(m, n)J~(-- m, -- n) = p~q~, (6) 
and hence, as in GF(pa), the cyclotomic numbers in G can be shown, 
using (5), to be functions of  Jr(m, n) and therefore, by (6), of  a repre- 
sentat ion of p~q ~. Further,  it has  been shown in [9] for the case e - -  4 
and in [1] for e = 6 and 8 that the above representations of p~q~ are 
uniquely determined by the corresponding representations for p~ and q~ 
arising from (1) and (2). 
Hence the cyclotomic numbers for GD(Wq~ ) are uniquely determined 
for e----4, 6, and 8. 
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